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A REAL GENERALIZATION OF THE DASS-GUPTA FIXED POINT
THEOREM

MUHAMMAD NAZAM?!, HASSEN AYDI?, MUHAMMAD ARSHAD?®

ABSTRACT. In this paper, we investigate the existence of a unique fixed point of self-mappings
satisfying the dualistic Dass-Gupta contractions defined on a complete dualistic partial metric
space under the influence of convergence comparison property. As an application, we demon-
strate the existence and uniqueness of the solution of functional equations in dynamic program-
ming.
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1. INTRODUCTION

Matthews [12] introduced the partial metric space and generalized the Banach fixed point
theorem. The notions such as convergence, completeness, Cauchy sequence in the setting of
partial metric spaces, can be found in [1-6, 9-11] and references there in. On the other hand,
Neill [16] did one significant change to the definition of the partial metric by extending its
range from [0, 00) to (—oo0,00) = R. The partial metric with this extended range is known as
a dualistic partial metric. Oltra et al. [15] established the criteria for convergence of sequences
and completeness in the dualistic partial metric spaces and generalized the fixed point result
presented by Matthews.

In this paper, we shall consider the fixed point theorem of the Dass-Gupta type (Theorem 1.1
below) and investigate its validity in dualistic partial metric spaces (Theorem 3.1 given below).
We claim that our work is a real generalization of Theorem 1.1. Recently in [14, 17| established
some new fixed point theorems on dualistic rational contraction.

Dass-Gupta [8] presented the following fixed point theorem.

Theorem 1.1. Let T : X — X be a self-mapping defined on a complete metric space (X,d).
Suppose there exista o, 8 > 0 with o + B < 1 such that

ad(y, T(y)(1 + d(x. T(x))
AT (), T(1)) < i

for all z,y € X. Then T has a unique fixed point.

+ Bd(z,y),
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2. PRELIMINARIES

Matthews [12] generalized the notion of a metric as follows:
Definition 2.1. [12], Let X be a nonempty set. The mapping p : X x X — [0,00) satisfying
the following axioms:

(p) z=y <& p(w x) = p(z,y) = p(y, v);
(p2) p(z,2) < p(z,y);
(p3) p(z,y) = p(y, );
(pa) p(z,y) < p(x,2) +p(2,9) — p(2, 2), for all z,y, 2 € X,
is called a partial metric on X. The pair (X, p) is called a partial metric space.

Neill [16] changed the definition of the partial metric p by considering its range as (—o0,00) = R.
The modified partial metric p with extended range is known as a dualistic partial metric. We
denote it as p*.

Definition 2.2. [16], Let X be a nonempty set. The mapping p* : X x X — R satisfying, for
all z,y,z € X, the following axioms:

(1) v =y & p*(z,2) = p*(y,y) = P (2, y);
(p3) p*(x,x) < p*(2,y);
(p3) p*(2,y) = p*(y, 2);
(P3) p*(z,2) +p*(y,y) < p*(z,y) + P (y, 2),
is called a dualistic partial metric and the pair (X, p*) is known as a dualistic partial metric space.

If (X, p*) is a dualistic partial metric space, then mapping d,+ : X x X — R™ defined by

dp+(z,y) =p*(z,y) — p*(x,x), for all z,y € X. (1)
is called an induced quasi-metric on X such that 7(p*) = 7(dp+). Moreover, d.(z,y) =
max{d,(z,y), dp+(y, )} defines a metric on X (the induced metric).

Remark 2.1. Unlike other metrics, in dualistic partial metric p*(z,y) = 0 does not imply
x = y. Indeed, p*(—1,0) = 0 and 0 # —1. This situation creates a problem in obtaining a
fixed point of a self-mapping in dualistic partial metric space. For the solution of this problem
we introduce convergence comparison property (defined below) and use it along with azioms (p})
and (p]) to get a fized point.

Example 2.1. Define the mapping p* : R x R — R by p*(z1,z2) = max{z1,z2}. It is easy to
check that p* satisfies (p}) — (p}) and hence p* is a dualistic partial metric on R. Note that p*
does not define a partial metric on R due to the fact that p*(—m,—m) = —m for m > 0.
Example 2.2. Let (X,p) be a partial metric space. The mapping p* : X x X — R defined by

p*(xay) = p(ﬂ:,y) —p(l‘,l') _p(yvy) for all T,y € X7

satisfies the conditions (pi) — (p}) and hence defines a dualistic partial metric on X. We note
that p*(x,y) may have negative values.

Example 2.3. Let X = R. Define the mapping p*: X x X — R by
* _ ‘LL“ - y’v if x 7& Y,
p(:n,y)—{_l% if x =9y;b>0.
The axioms (p]), (p3) and (p3) can be proved immediately. We prove axiom (pj) in details. If
T #y =z, then
p*(x,2) <p*(z,y) + " (y, 2) — P (y,y) implies |z — 2| = [z —y|.
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If x =y # z, then
p*(x,2) < p*(2,y) +p*(y, 2) — p*(y,y) implies |x — 2| = [y — 2.

If t =y =z, then
p*(x,2) < p*(z,y) +p*(y,2) —p*(y,y) implies —b = —b.

If v #y # z, then
p*(,2) < p*(z,y) +p"(y,2) —p*(y,y) implies [x — 2| < |z —y| + |y — 2| + .

Thus, the axiom (p}) holds in all cases. Hence (X, p*) is a dualistic partial metric space.
Neill [16] established that each dualistic partial metric p* on X generates a Tj topology 7[p*] on
X having bases the family of p*-balls {B,«(x,€) : = € X,e > 0} where

Bp*(x76) = {y €X :pi(z,y) <e —|—p*($75p)}.

The following and Lemma describe the convergence criteria established by Oltra et al. [15].

Definition 2.2.[15] Let (X, p*) be a dualistic partial metric space.
(1) A sequence {zp}nen in (X, p*) is called a Cauchy sequence if

lim p*(zp,x,) exists and is finite.
,Mm—00

(2) A dualistic partial metric space (X, p*) is said to be complete if every Cauchy sequence
{Zp}nen in X converges, with respect to T [p*], to a point v € X such that

p(z,x) = n}grgoop*(mm:cm)-

Lemma 2.1.[15] Let (X,p*) be a dualistic partial metric space.
(1) Every Cauchy sequence in (X, d;.) is also a Cauchy sequence in (X, p*).
(2) A dualistic partial metric (X, p*) is complete if and only if the induced metric space
(X, d,») is complete.
(3) A sequence {Tn}nen in X converges to a point v € X with respect to T[(dy.)] if and
only if
lim p*(v,z,) = p*(v,v) = lim p*(zn, Tm).

n—oo n—oo

3. MAIN RESULTS

Dass-Gupta[8] have employed a rational type contractive condition on 7" to find a unique fixed
point of T in the context of a metric space. We introduce the convergence comparison property
[in short: CCP] and impose it to find the fixed point of a self-mapping T satisfying the dualis-
tic Dass-Gupta contractive condition (defined below) in a complete dualistic partial metric space.

Definition 3.1. Let (X,p*) be a dualistic partial metric space and T : X — X be a mapping.
We say that T has a convergence comparison property (CCP) if for every sequence {z,} in X
such that x, — x, T satisfies

p(z,z) < p*(T(x), T(x)).
Example 3.1.Let X =R. Definepl, : R xR = R by

py(x,y) = max{x,y} for all x,y € R.

It is easy to check that (X,pY) is a dualistic partial metric space. Consider any sequence {xy}
converging to x in (X,p¥). DefineT : X — X by T(x) = e*. We have x < e for any x € X,
that is, p¥(z,z) < pl (T'(z),T(x)), i.e., T satisfies (CCP).
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Definition 3.2. Let T : X — X be a self-mapping define on a dualistic partial metric space
(X # ¢,p*). We say the mapping T is a dualistic Dass-Gupta contraction, if there exists a, f > 0
with a + B < 1 such that

T(y)(A+p*(z,T(x)))
L+ p*(z,y)

b (T(2), Tw))| < |22 T Bl (2, ), (2)
for all x,y € X.

Theorem 3.1. Let T be a dualistic Dass-Gupta contraction defined on a complete dualistic
partial metric space (X,p*). If T is continuous and satisfies (CCP), then T has a unique fized
point in X and the Picard iterative sequence {T"(xo) }nen with initial point xg, converges to the
fixed point.

Proof. Let xy be an initial point of X and define Picard iterative sequence {z,} by
Ty =T (zp—1) for all n € N.

If there exists a positive integer i such that z; = z;41, then x; = x;,41 = T'(z;), so z; is a fixed
point of T". In this case, proof is finished. Now, we suppose that x, # z,+1 for all n € N, then
by (2), we have

ap® (@, T'(zn)) (1 + p*(¥n-1,T(zn-1)))
1+ ]3* (xn—ly wn)

(T (2n-1), T(xn))]

‘ + B’p*(xn—la xn)‘

ap*(m7u xn-i—l)(l +p*($n—1a xn)) %
< + Tp—1,2
< pee L, A" (s, )|
< |04P*(33n,$n+1)| +/8‘p*(xn—1733n)|
B
< 1_ a’p*(xn—laxn)‘-

Ifweset)\zli,then0<)\<1,andso
!

|p*($naxn+l)| < )\‘p*(‘rn—hl'n)‘
< AMAlp"(zn—2, Tn-1)|)
< A'p*(mo,z1)|.
This implies that
P (T k-1, Tngk)| < N p* (o, 1), for all n, k € N. 3)

Again by (2), we have

ap* (o, T'(0))(1 + p*(zo, T'(x0)))
1 +p*($0,x0)
ap*(xo,xl)(l +p*($0,m1))
1 +p*($0,x0)
lap™ (o, 21)(1 + p*(z0, 21))| + Blp" (w0, z0)],

(T (20), T(0))| <

\ T By (@0, x0)]

\wrp*(xo,xo)r

IA

that is,

|p*(z1,21)| < ah(l + h) + Bk.
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where we have set |p* (o, x1)| = h and [p*(xg, x0)| = k. Similarly,

Ip*(z2,22)] < aMh(l+ M)+ aBh(1+ h) + B2k,
Ip*(z3,23)] < aXh(1+ A2h) + aBAR(1 + Ah) + aB?h(1 + h) + B3k,

IN

AN (1 + A"TR) + aBA"T2R(1 + A" 2h)
+ afPA"BR(1+N3h) 4+ -+ o h(1 + h) + .

|p*($n7 xn)’

This implies that
lim p*(zp,z,) = 0. 4)

n—o0

By definition of d,+ and (3), we have

dp* (Tns Tnt1) <P (Tns Tos1)| + [P7 (0, 70) ],
that is,
A |p* (2o, z1)[ + [P" (@, Zn)]
ANh 4 oA h(1+ A"TR) + aBAYT2R(1 4+ A 2h)
AN Bh(1+N"3Rh) + -+ aB" T h(L 4 h) + B
Ah 4 ™,
where " = aA"  h(1 + A" 7Lh) + aBA2h(1 + A" 72h) + aB2AT3h(1 + A" 3h)
+ -+ af" Th(1 + h) + B"k. Moreover, we have

Ay (T 1, k) < ANETIR 4 "R for all n, k € N. (5)

dp* (Ina xn-{—l))

IA A

IN +

We show that {z,} is Cauchy sequence in (X, d;.). By triangle property and (5), we have

dp* (xn7 xn—l—k) < dp* (xna xn—i—l) + dp* («Tn—i-l, mn—s—Q) + -+ dp* (xn—l-k—l; mn+k)
< )\”h—l—,un + )\n+1h+un+1 NN >\n+k_1h+ﬂn+k_1
)\n MTL
< h
- 1= * 1-—
Since limy,_, o A" = 0 and lim, o p" = 0, we get
nh_}ngo dp (2, Tnyr) = 0. (6)
Similarly,
dp (Tnt1,2n)) < AP (@0, 21)| + [P (Tn1, Tt
< N'h+ ot
Thus,
Ay (T ey Trh—1) < NTFIR 4 "R for all n, k € N. (7)

By triangle property and (7), we have

dp* (xn+k7 wn) < dp* (xn+k7 $n+k71) + dp* (xn+k717 xn+k72> et dp* (xn-l-la 1’n)
< )\TH*k*lh + ,un+k + )\n+k*2h + 'UITH*kfl 4t )\nh + Mn+1
A\ n+1
< e
1-A 1—p

Since limy, o0 A" = 0 and lim,, o 1" = 0, we have limy, o0 dp+ (T4, Tn) = 0.

Hence, limy, o0 dp (Tn, Tptx) = 0. This shows that {x,} is a Cauchy sequence in (X, df,*). Since
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(X, df,*) is a complete metric space, therefore {z,} converges to a point in X, say v, that is
limy, 00 dp« (2, v) = 0. By Lemma 2.1, one writes
lim (v, 20) = p*(v,0) = lim_ p*(2n, 2m). (8)
n—00 ,1M—00

By (4) and (6), we have

lim p*(xn,zm) = lim p*(zp,2,) =0; m=n+k.
n,M—00 n—00

Consequently, {z,} is Cauchy sequence in (X, p*). By (8), we have
lim p* (v, 2) = (v, v) = 0. (9)
n—ro0

This shows that {x,} converges to v in (X, p*). By (2), we get

: o’ (0, T@D(+ 7", T |
P (@, 7)< D00 T it (o 0)
ap*(U7T(U))(1 +p*($n,$n+1)) *
< e R A

As n — oo, we get p*(v,T'(v)) = 0. Since T has (CCP),
0=p"(v,v) <p (T (v),T(v)).
By (p3), we deduce that
pH(T(v), T(v)) < p*(v, T(v)) = 0.
This shows that p*(T'(v),T(v)) = 0. Thus,
p(T(v), T(v)) = p"(v,v) = p*(v,T(v)),

and axiom (p}) leads us to conclude that v = T'(v) and hence v is a fixed point of T'.
To prove the uniqueness, suppose that w is another fixed point of T, then T'(w) = w and
D(w,w) = 0. Using (2), we obtain

. ' ap*(w, T(w))(1 + p* (v, T(v))) "
= T(), T < :
p*(0,0)] = b (T(0), T@)| < s + 80" (0,)
ap*(w, T'(w))(1 + p* (v, T(v))) "
<
< St + 15" (0, )
< Blp*(v,w)|,
This implies that v = w, which proves the uniqueness of v. U

Corollary 3.1.[15, Theorem 2.3|; Let (X,p*) be a complete dual partial metric space and T :
X — X be a continuous mapping. Suppose there exists 5 € [0,1) such that

P*(T(2), T(y)| < Blp"(, y)l;

for all x,y € X. Then T has a unique fixed point v. Moreover, p*(v,v) = 0 and the Picard
iterative sequence {1™(z)}nen converges to v with respect to 7(dy.) for every r € X.

Proof. Set a = 0 in Theorem 3.1. O

Corollary 3.2.[13] Let T : X — X be a self-mapping on a complete partial metric space (X, p).
Assume there exists o, 8 > 0 with o+ 8 < 1 such that

op(y. T(w))(L+ p(z. T(z)
P(T().T(w) < oy

forallx,y € X. Then T has a fixed point in X.

+ Bp(z,y),
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Proof. Since the restriction of a dualistic partial metric p* to Rar, which is p* |Rg = p, is a partial
metric, arguments follow the same lines as in the proof of Theorem 3.1. O

The following example elucidates our results.

Example 3.1. Let X =R. Define pl, : X x X = R by p}(x,y) =x Vy, for all x,y € X. Note
that (X, pY) is a complete dualistic partial metric space. Let T : X — X be given by
T(z) = g forall z € X.

Clearly, T is a continuous mapping. We shall show that for all z,y € X, (2) is satisfied.
Without loss of generality, we can assume that x > y. Note that

* apl (v, T(y)) (1 + pY (2, T(x))) "
pu(T(2), T(y))| < * + Blpy (. y)l,
[p%(T(2), T (y))] 1+ 5o (1) % (2, y)]
s equivalent to
—— v L
T Y Oépv(y7§)<1+pv(xa§)) y 10
WG S e | ARyl (10)
Take o = % and 8 = % We have the following cases:

If x,y > 0, then (10) is equivalent to ]g\ < aly| + Bl|x|, which holds.
If x,y <0, then (10) is equivalent to |§| < a|%| + Blx|, which is satisfied.

If x >0 and y <0, then (10) is equivalent to \§| < a\%| + B|x|, which is verified.

Thus, all the conditions of Theorem 3.1 are satisfied. Moreover, x = 0 is the unique fized point
of T.

The following example emphasizes the use of absolute value functions in the contractive condi-
tion (2).

Example 3.2. Let X = (—1,0] and p¥, : X x X — R be defined as p(z,y) = x V y, for all
x,y € X. Note that (X,p%) is a complete dual partial metric space. Let T : X — X be given by

T(z) = g for all x € X.

The inequality

y(z + 2)
4(z+1)
holds for all x,y € X and for some choice of «, [ such that o+ 8 < 1. Thus, the contractive
condition

€T
HES + Blal,

" ap@(y,TTy))(l%-pi(w,TYlﬂ))’ *
py(T(x), T(y))| < . + Blpy(z,y)l,
P5(T(2), T(y))| L+ 5 (0 ) (2, y)
1s satisfied and x = 0 is the unique fized point of T. However, note that for x = —%, Yy = —%,
a= % and B = %, the contractive condition
apd (y, T(y) (1 + pé(x, T(x
P (T(a), T(y)) < LAL TNV T | g ),

1+ pY(2,y)
does not hold. Hence Corollary 3.2 is not applicable.
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4. APPLICATION

As an application of Theorem 3.1, we show the existence and uniqueness of the solution of a
functional equation. First, we introduce some notations for the sake of convenience.

S = State space, W = Decision space,
B(S) = Space of bounded functions, g : S x W — R,
F:SxWxR—=R, ¢:SxW — 8.

We shall prove the existence and uniqueness of the solution of a functional equation appearing
in dynamic programming (for example, see [7]):

u(z) = sup {9(z,y) + F(z,y,u(d(z,y)))}, for all z € 5. (11)

We observe that the space (B(S), ||.||oc) endowed with the norm defined by
d(u,v) = ||lu — v||oc = sup |u(z) — v(x)| for all u,v € B(S),

z€eS

is a Banach space. Given the dualistic metric as
p*(u,v) = d(u,v) — ¢, for all u,v € B(S),

where ¢ > 0.
Lemma 4.1.[7] Let G,H : S — R be two bounded functions. Then

|sup G(x) — sup H(x)| < sup |G(z) — H(a)|.
zeS zeSs zesS

Lemma 4.2. [7] Assume that

(1) g and F are bounded functions;
(2) there exists k > 0 such that for allt,r e R, x € S andy € W,

|F($7yvt) - F(CL‘,y,’r‘)| < k|t - T"
Then the operator R : B(S) — B(S) defined by
(Ru)(x) = sup {g(z,y) + F(z,y,u(d(z,y)))},
yeW

1s well defined.

Now, we present the main result.
Theorem 4.1. Assume that (1) and (2) in Lemma 4.2 are satisfied. Suppose that

ap*(u, Ru)(1 4 p*(v, Rv))
sup |F(xz,y,u) — F(x,y,v)| +c <
sup [,y w) — F(a,y, ) 0]

Then the functional equation (11) has a unique solution.

+ Blp* (u, v)|. (12)

Proof. Let R : B(S) — B(S) be an operator defined as in Lemma 4.2. We show that R satisfies
the contractive condition (2). By Lemma 4.1, for u,v € B(S).

|(Ru)(z) — (Rv)(z)]
= \sgvla{g(w,y) + F(z,y, uw(é(r,y)))} — sup{g(x,y) + F(z,y,v(d(z,y)))}|

yew
< ysgvla l9(z,y) + F(x,y,u(d(z,y))) — 9(z,y) — F(x,y,v(p(x,9)))|
< sup \F(m,y,u(qﬁ(m,y))) - F(x,y,v(qﬁ(w,y)))\.

yeW
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Therefore,
p*(Ru, Rv)| = Iilelgl(Ru)(w)—(Rv)(x)l—CI
< sw |(Ru)(z) — (Rv)(z)| + ¢
< sup |F (2, y, u(¢(z,y))) — F(z,y,v(o(z,9))) + ¢

We get using (12),

ap*(u, Ru)(1 + p*(v, Rv))
1+ p*(u,v)

" (Ru, Rv) + Blp*(u, v)|.

Hence, R satisfies all conditions of Theorem 3.1, so there exists a unique solution of (11), say
up € B(S) such that Ruy = up. O

5. CONCLUSIONS

The unique fixed point of self-mapping satisfying the Dass-Gupta type contraction can be

obtained under the effect of the dualistic partial metric, if we assume Convergence Comparison
Property in Theorem 3.1.
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